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ABSTRACT: In this paper, based on Castro(2004) and D Ottaviano and Castro (2005), we introduce
a hierarchy of syntactical tableaux systems TNDC,* 1< n <, for da Costa’s hierarchy of
predicate paraconsistent logics C,* 1<n <. In our tableaux formulation for the TNDC,* as in
our paper of 2005, we introduce da Costa’s 'ball” operator ‘o’, the generalized operators ‘k’, ‘(k)’
and the negations ‘~,’, for k > 1, as primitive operators. In this generalization it is necessary to
deal with specific problems, concerning relationships between the mentioned generalized distinct
operators,; and relationships between the different systems of the hierarchy TNDC,* Another
peculiarity is that we define two conditions for the closure of the branches. We prove a
generalized version of the Cut Rule for the TNDC,* and also prove that these systems are
logically equivalent to the corresponding da Costa’s calculi. Our systems TNDC, * are introduced
from a denumerable(infinite) set of primitive operators and this allows us to capture C,* as
paraconsistent extensions of classical logic. The systems TNDC, * constitute completely automated
theorem proving systems for the systems of da Costa’s hierarchy C,*, 1<n<a. As far as we know,
besides introducing every one of the operators of the three da Costa’s families of operators ‘k’,
‘(k)” and the negations *
the hierarchy of logics C,* [<n<a, receive a tableaux approach.

~, for k > 1, as primitive, this is the first paper in the literature in which
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Introduction

A theory T, whose language has a symbol for negation, is said to be inconsistent
(contradictory) if it has as theorems a formula and its negation; otherwise, T is
consistent (non-contradictory). A theory T is said to be #ivial if every formula of its
language is a theorem; otherwise, T is non-trivial.

A logic is paraconsistent if it can be used as the underlying logic to inconsistent but
non-trivial theories, which we call paraconsistent theories.

In paraconsistent logic the role of the Principle of Non-Contradiction is, in a certain
sense, restricted. Although in those logics the Principle of Non-Contradiction is not
necessarily invalid, from a formula and its negation it is not possible, in general, to
deduce any formula (see, for instance, D’Ottaviano (1990)).

In this paper, we introduce a new hierarchy of predicate analytical tableaux systems,
the TNDC,*, I<n<w, for da Costa’s hierarchy of predicate calculi for the study of
inconsistent but non-trivial theories (da Costa 1963a, 1963b, 1964a, 1964b and 1964c,
1974): the hierarchy of first-order predicate calculi C,*, I <n<w.

In our hierarchy TNDC,*, I<n<w, as in the hierarchy of propositional analytical
tableaux systems TNDC,, /<n<w, introduced by Castro (2004) and D’Ottaviano and
Castro (2005), the ‘ball’ operator ‘o’ is introduced as primitive, as well as the
generalized operators ‘&’ and ‘(k)’, and the negations ‘~;’, for k>1, are primitive
operators. As in the case of our previous paper, it is necessary to deal with specific
problems concerning relationships between the generalized distinct primitive operators;
and with relationships between the different systems of the hierarchy TNDC,*, I <n<w.
We also define two conditions for the closure of the branches of the tableaux, looking
for reflecting the meaning of the paraconsistent negation: either they are closed by the
strong negation ‘~,’, as usual, or they are closed by the paraconsistent negation ‘=’ and
additional conditions.

We prove a general version of the Cut Rule (Theorem) for TNDC,*, I <h<w, and also
prove that these systems are logically equivalent to the corresponding systems C.*,
1 <n<w, respectively.

As far as we know in the literature, the first paraconsistent system in which da
Costa’s ‘ball’ operator ‘0’ was treated as a primitive “consistency” operator was
introduced by D"Ottaviano and Epstein (1988), in a modified version of the system J; of
D Ottaviano and da Costa (1970), also presented in Epstein (1990, 1995), Chapter IX,
written in collaboration with D’Ottaviano.

De Castro presented, for the first time, our conception concerning the primitiveness
of the operators of the families ‘k’, ‘(k)’ and the negations ‘~,’ for the construction of the
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hierarchy of tableaux systems TNDC,, I<n<w, in his communication during the “lI
World Congress on Paraconsistency (Il WCP)”, held in Juquehy, Brazil, in 2000 (see
Castro (2000)).

In some more recent papers Carnielli, Coniglio and Marcos have studied an ample
class of paraconsistent axiomatic propositional systems (Hilbert style), in which a unary
“consistency operator” is introduced as a primitive operator of the object language (see
Carnielli and Marcos (2002) and Carnielli, Coniglio and Marcos (2007)). The system J;
is a particular logic of their class of paraconsistent systems; da Costa’s propositional
systems C,, I<n<w, are seen as a primary sub-class of that class, such that in C;, the
primitive “consistency operator” corresponds to da Costa’s defined “ball” operator “o0”.

We remind that Marconi (1980) is the first tableaux system for da Costa’s calculus
C,, the first logic of the hierarchy of propositional calculi C,, /<in<w. He introduces a
variant of semantic tableaux systems, a la Beth (see Beth (1959)), in order to prove the
completeness and decidability of da Costa’s propositional system C;. He also claims that
his method could be expanded for the systems C,,, 2<in<w.

Carnielli and Lima-Marques (1992) introduce a semantic tableaux system, a la
Smullyan (see Smullyan (1968)), for Alves’s paraconsistent propositional logic? C;*, and
for the paraconsistent predicate logic with equality C,*= (see Alves (1976)), namely the
systems TC; and TC,~ respectively, and show that these systems are complete and
decidable.

Buchsbaum and Pequeno (1993) introduce a syntactical tableaux system, also a la
Smullyan, for da Costa’s C,*, the system SC1*, showing that SC1* is complete.

In the system SC1* of Buchsbaum and Pequeno we do not have an explicit rule that
determines a priori when the definition of the operator ‘0’ must be used or must not be
used during the derivations; on account of this it is possible to occur open branches that
must be rebuilt, in a distinct way, from the mentioned occurrence of the operator ‘0’.

Also in Carnielli and Lima-Marques’s systems TC; and TC;™ there are not specific
rules that determine a priori when to use the definition of the operator ‘0’, what may
make necessary to rebuild branches. Particularly, in these systems infinite loops may
occur, ‘postponing indefinitely’, according to the own authors, the analysis of formulae
that involve the operator of primitive negation and, as a natural consequence, the
operator ‘0’; Carnielli and Lima-Marques prove the decidability of TC; and TC,",
showing how to deal with the infinite loops. Carnielli, Coniglio and Marcos (2007)
improve the system TCy, introducing a new semantic tableaux system for Cy, trying to

2.C,', a system stronger than C,, is obtained by replacing the schema of axioms —4>4 of da Costa’s C, by
the schema ——A4=4.
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avoid the presence of infinite loops in the derivations of the branches: in this new
tableaux system da Costa’s “ball” operator ‘0’ is maintained as a defined operator and, as
the nodes of the branches in the derivations are not univocally determined, it is possible
(as in Buchsbaum and Pequeno’s SC1* system) to occur open branches that may be
rebuilt in a distinct way.

Due to the “primitiveness” of the ‘ball’ operator ‘0’ and of the other above
mentioned denumerable da Costa’s operators, in every one of our tableaux systems
TNDC,*, I<n<w, we emphasize that there are specific rules to objectively deal with the
operator ‘0’, as well as with the operators ‘k” and “(k)’, and the negations ‘~;’, for k>1.
The branches of the tableaux are univocally and automatically generated and infinite
loops do not occur.

The systems TNDC,* constitute completely automated theorem proving systems for
da Costa’s logical systems C,*, I <h<w.

As far as we know this is the first paper in the literature in which every one of the
operators of the three families of operators ‘.4’ and “(k)’, and the negations ‘~;’, for k>1,
introduced as defined operators by da Costa, are considered as primitive operators.

By defining two conditions for the closure of the branches of the tableaux TNDC,*,
I<n<@. we look for reflecting the meaning of da Costa’s negations in his original
hierarchies of paraconsistent systems. This also allows us to capture da Costa’s systems
C,*, 1<n<w, as paraconsistent extensions of classical first-order predicate logic.

Furthermore this is the first paper in which all the systems of da Costa’s hierarchy of
paraconsistent logics C,*, I <in<w, receive an analytical tableaux approach.

1. Da Costa’s paraconsistent first-order logics C,*

The language L* of da Costa’s paraconsistent systems C,*, I <in<w, has as primitive
connectives —, v, & and o and as primitive quantifiers vV and 3, as well as a
denumerable family of individual variables, predicate symbols and auxiliary symbols
(see da Costa (1963a) and (1974)).

The notions of formula, free and bound variables in a formula, sentence, theorem, as
well as the general conventions and notations, are the standard ones, as in Kleene (1952).

Let A and B be formulae. As recalled in D’Ottaviano and Castro (2005), the
following operators are added, by definition, to the language L*.
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Definition 1.1~ A° =4 —(A&—A).

Definition 1.2 AX =4 A% (“0” k times, for k >1).°
We observe that A* coincides with A°.

Definition 1.3 A% =y A'& A?&... & A¥ fork > 1.

Definition 1.4 ~A =4 -A&AY, for k > 1.

Definition 1.5 (A=B) =4 (A>B)&(B2A).

In C,*, I<in<w, the operator “0” is usually named “ball operator” and A™ may be
read as “A is a well-behaved formula™ or “A is regular”; for every C,*, I<si<w, the

primitive negation “—” is the basic paraconsistent negation, or weak negation of the
system, and the connective “~,” is called strong negation.

For every first-order predicate calculus C,*, I<n<w, the schemata of axioms and the
deduction rules are the following.
Axiom 1: Ao(BoA)
Axiom 2: (A>B)>((A>(BoC))o(ASC))
Axiom 3: A&BoA
Axiom 4: A&B-B
Axiom 5;: AS(BoA&B)
Axiom 6: ADAvB
Axiom 7: AoBVA
Axiom 8: (A>C)>((BoC)>(AvBoC))
Axiom 9: —=—ADA
Axiom 10: Av—A
Axiom 11: B"5((A5B)>((A>—B)>—A))
Axiom 12: AP&BM5(A&B) ™

3 For instance: A” is (A%)°, that is, =(A°&—A%); A°® is —(A®°&—A%): and so on, that is, A is
—(A1&—ARY), with k>1.
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Axiom 13: A"&BM5(AVB) ™
Axiom 14: AP&BM5(A-B) ™
Axiom 15: VxA(X)2A(t)
Axiom 16: A(t)>3xA(X)
Axiom 17: VX(A(X)) V> (vxA(X))™
Axiom 18: VX(A(X)) "> (3xA(X))™
Axiom 19: A=B, where A and B are congruent’ formulae
Rule of Modus Ponens (MP)

A, AoB

B
Rule 11 CoA(X)
CoVXA(X)

Rule 111 A(x) oC

IKAK)SC

where the variable x, the term t and the formulae A(x) and C satisfy the usual

restrictions®.

We observe that Axiom 11 is just a particular case of the usual reductio ad
absurdum, asserting that we can apply the reductio ad absurdum in da Costa’s
paraconsistent logic C,* when the formula B is a “well behaved” formula.

Finally, the system C,* is defined by:

Axiom 1 to Axiom 10, Axiom 15-16, Axiom 19 and the Rules MP, Il and IlI.

The classical first-order predicate calculus may be considered as the system C,* of
this hierarchy. This logic is, in fact, given by

Axiom 1 to Axiom 9, Axiom 15-16, Axiom 19, the Rules MP, Il and I, plus
reduction ad absurdum, that is:

4 See Kleene (1952), p. 153.
5 See Kleene (1952), p. 81.
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Axiom 10: (AoB)>((A>—B)>—A).

Following, we present some useful known definitions and results concerning da
Costa’s paraconsistent systems C,*, most of them necessary for the development of the
next sections (see, for instance, Castro (2004) and the recent paper Costa, Krause and
Bueno (2006)).

Theorem 1.6 (Deduction Theorem) If T is a set of formulas, we have that if
I A+ c,* B, thenT + c,* AoB; and, ifI', A+ c,* B, then T' + c,* AoB. N

Theorem 1.7 In C,*, I<n<w, the strong negation ~, has all the properties of classical
negation. 0

Theorem 1.8 Every system in the hierarchy C,*, I <n<uw, is strictly stronger than those
which follow it. 0

Definition 1.9 A non-trivial system S is said to be finitely trivializable if there is a
formula (not a schema) F such that, adjoining F to S as a new axiom, the resulting
system is trivial.

Theorem 1.10 Every paraconsistent system C,*, I <n<uw, is consistent; the systems C,*,
1 <n<w, are finitely trivializable; the system C* is not finitely trivializable. [

Theorem 1.11 The systems C,*, I <n<w, are undecidable. O
The results of the next theorem are necessary for the development of this work.

Theorem 1.12 In every C,*, I <n<w, we have that:
i. (A>B)o(~,AvB)

ii. A&~,AoB

iii. ~~pADA

iv. (A>B)o(~Bo~A)
V. (AVADA

Vi, (VX(AX)™)(=VXA(X)DIXx—(A(X)))
vii. (VX(AX)™)(=3X(AX)>VX=(A(X)))
Viii. 2 VXAX)D(~n(YX(AX)) M)V (3x=(A(X))))
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iX. —IX(AX))D(~n(VXAX)) )V (VX (A(X))). O

NOTE. — The proofs of (i) and (iv) are immediate consequences of Theorem 1.8; the
proof of (v) is immediate; Castro (2004) proved (vi)-(vii); Castro has recently proved

(Viii)-(ix).

We observe that the Replacement Theorem®, although valid in C, and C,* is not
valid in general in C, and C,*, /<n<w.

As, in every system C,*, I <n<w, the formulae Ao(—A>B) and -A>(A>B) are not
valid, da Costa’s systems are paraconsistent systems lato sensu, that is, from a
contradiction it is not possible in general to deduce any formula.

2. Tableaux systems for C.*, 1<n<w®

In this section, we introduce analytical tableaux versions, a /a Smullyan (1968), for
the systems C,*, I<in<w, named TNDC,*. We adapt the notion of tableau sequence
presented by van Fraassen (1971).

The language of the systems TNDC,*, I <n<w, is the language L* of the logics C,*,
1<n<m, excepting that we consider the symbol “o0” (the ball), the symbols “k”, “(k)” and
the negations “~\”, for k>1, as primitive symbols. Therefore, the language L* contains a
(infinite) denumerable set of primitive connectives.

The tableaux method is based on expansion rules, which allow us to analyze the
formulae of L*. Essentially, the expansion rules allow us to expand a sequence of
formulae into another sequence of formulae.

We need here to present the following definitions, necessary for the introduction of
our hierarchy of tableaux systems, though having them been already introduced by
D’Ottaviano and Castro (2005).

Definition 2.1 For every tableaux system TNDC,*, I <h<w, a tableau sequence for a
given formula S, or simply a tableau, is a sequence of expressions A;, Ay, ..., Ay, such
that the formula S is put at the origin of the tableau, as the initial expression A;; and
every expression A;, 1< i <k, corresponds to a finite disjunction Al or . or A", m>1,
where every A/, 1<j<m, is generated from the preceding expression(s) A/, by applying

® See Kleene (1952), p. 115-116.
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one of the Expansion Rules 2.4 of the system. We call each A/ a disjunct of the
expression A,.

Definition 2.2 For every system TNDC,*, I<n<w, a branch j of a tableau sequence,
1<j<m, corresponds to a sequence of expressions A?, 1<i<k, with A" the first expression
and A/ the last one. The superior index s is equal to 1 (s = 1), for 1<i<i", for some i'<k;

NOTE. — We observe that the tableau sequence has the structure of a #ree, if we leave out
the disjunction, and write the results of applying any rule under the disjunct to which the
rule was applied. Thus, by thinking the disjunction as indicating a branching, the tableau
sequence has the structure of an ordered dyadic tree a la Smullyan (1968).

For simplicity, the expressions of a given tableau branch j will be identified as of
type A}, with 1<i <k and fixed j, 1< j <m.

Definition 2.3 A node corresponds to every expression AJ of every branch of a
tableau, with 1<i <k and 1< j <m.

Let the letters o, B, y, ..., , if necessary also with indexes, stand for formulae of
L*.

Now, suppose that T is a tableau being constructed for a initial formula A. Given a
certain branch j, let A1’ be the last expression of the branch. Then we may extend T by
one of the following five operations:

(i) If some formula o occurs on the branch of the last expression A, then, if 8} and
3+’ are generated from o by one of the Rules of Conjunctive Type C of the system, we
may simultaneously adjoin the formulae &/ and &' as the next expressions, on the
branch j, after A;.’;

(ii) If some formula 3 occurs on the branch of the last expression A,/ then, if Byor B,
is generated from B by one of the Rules of Disjunctive Type D of the system, we may
simultaneously adjoin the formula B, to the left of Ai¢, as the node &/, and the formula
B, as the next expression to the right of A..¢, as the node &/**;

(i) If some formula y occurs on the branch of the last expression Ai{ then, if the
formula &/ is generated from y by one of the Rules of Special Type S; of the system, we
may adjoin the formula §;', on the branch j, as the next expression after A;.¢;
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(iv) If the formulae ay, ... , ay, occur on the branch of the last expression A, then, if
the formula & is generated from {au, ... , am} by one of the Rules of Special Type S, of
the system, we may adjoin, on the branch j, the formula &/ as the next expression after
Ait;

(v) If some formula & occurs on the branch of the last expression A.{ then, if the
formula &/ is generated from & by one of the Rules of Special Type S; of the system, we
may adjoin, on the branch j, the formula &; as the next expression after A; //;

(vi) If some formula o occurs on the branch of the last expression A.{ then, if 8}(t) is
generated from o by one of the Rules of Type E of the system we may adjoin the
formulae 8;(t) as the next expression, on the branch j, after A..¢J;

(vii) If some formula o occurs on the branch of the last expression Ai{ then, if 3}(c)
is generated from o by one of the Rules of Type F of the system we may adjoin the
formulae &;(c) as the next expression, on the branch j, after A;.;

(viii) If some formula 8 occurs on the branch of the last expression A, then, if Byor
B2 is generated from B by one of the Rules of Type G of the system, we may
simultaneously adjoin the formula B, to the left of A4, as the node &/, and the formula
B, as the next expression to the right of A;¢, as the node 5

(ix) If some formula y occurs on the branch of the last expression A then, if &/ is
generated from y by one of the Rules of Special Type H of the system, we may adjoin
the formulae &/ as the next expression, on the branch j, after A;. J

D’Ottaviano and Castro (2005) introduce a hierarchy of syntactical tableaux systems
TNDC,, 1<n<w, in which every system TNDC, is equivalent to da Costa’s
corresponding system C,, 1<n<w. Here, besides the Expansion Rules of TNDC,, we
have specific rules to deal with quantifiers.

The Expansion Rules of TNDC,* are introduced below.

Expansion Rules 2.4 The expansion rules of the tableaux systems TNDC,*, ] <i<w, are the
following.
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2.4.1 Rules of Conjunctive Type C: o}

&

Bivt!
o 5;) Sivy) Name of the Rule
A&B A B E&
AW A AkD E(k), k>1
—(AY Al —(AY Ek—, k>1, where A® is A
—~(A) A —A E(k)—, k1
~—A ——A Al E~nm
~n(AY) —(A" (A9® Ek~n, k>1
~(AVB)  ~A ~B DND-~,
~(ASB) A ~B DNI~,
~n(A%) A -A E(k)~n k=1
~A —A A® E~ k<n (i)

2.4.2 Rules of Disjunctive Type D: B

& | &
B ) 5 Name of the rule
AvB A B Ev
A-B ~nA B Eo
—(A&B) —-A —-B DNC—, where B is distinct of —A (ii)
—(AvB) —(A"&B™)  _A&-B DND—
—(A-B)  —(A"&BM) A&—B DNI—

~n(A&B) ~nA ~nB DNC~,
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2.4.3 Rules of Special Type Si: v
&)
y 59 Name of the Rule
—~ A A E—~, k21
~n~kA A E~n~k: k>1
~A ~k1A R~ k>n
A¥ —(AFI&—ARY) Rk, k>1, where A%is A (iii)
AW Al E(1)
2.4.4 Rules of Special Type S;: oy
Om
&
o, e, O 5} Name of the Rule
{-A AL .., A9 ~ A I~ O<k <n
{AL, A% ... A%} A® I(k), O<k <n (i)
2.4.5 Rules of Special Type S3 (iv): €
8}
g 5} Name of the Rule
A0 AX Eo  (with “0” k-times)
—(AFI&—ARY AK Ik, k=1, where A’ is A (i)
(A A Is+k, for s, k >1
Al&A%&.. &A* A® I(k), k=1 (v)
—A&AWY ~ A I'~, k=1 (v)
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(i) This Rule must be applied only once, on every branch and for every formula.
(ii) If A s of type (C*'&—(C*")), then B must be distinct of C*.

(iii) This Rule must be applied only when there is no possibility of applying any
other Rule; it can be applied in subformulae of formulas that occur in the nodes and, in
these cases, it must be applied “from outside to inside”, that is, from the connective of
largest scope to the connective of smallest scope.

(iv) The Rules of Special Type S; must be immediately applied, in every case, after
applying the first Rule in the initial node of the tableau; they can be applied to
subformulae of formulas that occur in the nodes and, in these cases, they must be applied
“from outside to inside”.

(v) These Rules, under conditions (iv), can only be applied to proper subformulae of
formulas that occur in the nodes and, in these cases, they must be applied “from outside
to inside”.

NOTE. — We observe that A°, which corresponds to the formula A with superior index
“0” (numeral 0), coincides with the formula A. This formula is distinct of the formula A°
(“A-ball™).

In the Rules of Special Type S, we use the notation of set in order to indicate that it
is not important the order in which the formulas occur in the nodes of a branch.

Also, the only Rules that can be applied to subformulae, are the Rules of Special
Type Sz and the Rule Rk.

Following we introduce the specific rules for quantifiers.

2.4.6 Rules of Type E: o

83(t), where t is any term free for any variable
occurring in the formula a.

a 5;) Name of the Rule
VXA A(t) E-V, with proviso
~nIXA ~n(A(Y) ~n3, with proviso
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2.4.7 Rules of Type F (i): o

83(c), where c is a constant that does not occur in the
branch; or c¢ has not been previously
introduced by Rule of Type F, and does not
occur in o, and no constant of o has been
previously introduced by Rule of Type F.

a 5;) Name of the Rule
IxA A(c) E-3, with proviso
~n VXA ~n(A(C)) ~nV, with proviso

2.4.8 Rules of Special Type G:

Sij 8ij+1
B ) 5 Name of the Rule
— VXA ~(Vx(A)™) IX—A -V
—3xA ~(Vx(A)™) VX—A -3
2.4.9 Rules of Special Type H: Y
5
y 5;) Name of the Rule
Ay A, tA, where A, is congruent to A;
~A1L ~Az sA, k >1 (II)
—Aq —As WA, (ll)

(i) The Rules of Special Type F must be immediately applied, in every case, after
applying the first Rule in the initial node of the tableau.
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(if) Where A, is congruent to A; and A, occurs previously in the branch.

NOTE. — In the application of the Expansion Rules, it is more efficient to give priority to
the Rules of Type C, E-3,~,3, —V and to the Rules of Special Type.

Definition 2.5 For every system TNDC,*, Isi<wa branch A/, ..., AJ of a tableau is
called a closed branch if there exist nodes A/, 1<r <s, that correspond either to formulae
B and ~,B, or to formulae B, —B and B, B, ..., B".

The next definition gives us the closure criterion for the tableaux.

Definition 2.6 Given a formula S, a tableau for S is closed if all its branches are
closed; otherwise, it is said to be open.

Definition 2.7 A set of formulae T is said to be closed if, and only if, there exists a
finite subset I'y of T, such that there exists a closed tableau for the conjunction of the
formulae of T'y; otherwise, it is said to be open.

In what follows, we use T, A as an abbreviation for TU{A}’.

Definition 2.8 For every tableaux system TNDC,*, I <in<w, a formula S is said to be
an analytical consequence of a set I of formulae if, and only if, T', ~;S is closed. We also
say that ", by the Expansion Rules, generates S.

This is denoted by: I' FTnpe, * S.

We observe that, for a formula S to be provable in TNDC,*, I <in<w, a closed tableau
must be generated from the strong negation ~,S of the formula.

Definition 2.9 For every tableaux system TNDC,*, I <n<w, a formula S is said to be
provable if, and only if, there is a closed tableau for ~S, that is, if {~,S} is closed.
This is denoted by: FTnDC, * S.

Definition 2.10 For a given tableau T in TNDC,*, [ <in<w, a branch j is complete if,
and only if, there is not any Expansion Rule that can still be applied on any node of j.

Definition 2.11 A tableau T, in TNDC,*, I1<n<w, is complete if, and only if, every
branch j of T is either closed or complete.

T, A, BisthesameasT, B, A.
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Examples 2.12 Following, we present some examples of proofs in the systems
TNDC,*, I1<n<w. The rules used are indicated to the right of each step of the proof; the
numbers on the left side are added only to facilitate mentioning the tableau.

a) I'/'TNDCn* —|VX—|A(X) = E'XA(X)

a. 1) |_TNDCVI* —|VX—|A(X)DE|XA(X)

1 ~(=VX=AX)DIXA(X))

2 —Vx—A(X) 1, DNI~,

3 ~n(3XA(X)) 1, DNI~,
4 ~(IX(=AYM) 2,V 5 Ix——A 2, -V
6 ~((-AQ)™) 4~V i+1 ——A(C) 5, E-3
7 (-AE)® 6, E(K)~n i+2 A(c) i+1,E—
8  —(-AE)") 6 EK~ i3 ~A(C) 3, ~3
9 —A(Q) 8, E(k) — *
10 —(=A(0)) 8, E(k) —
11 A(c) 10, E-——
12 (-A()" 7, E(k)
13 (=A(c)™Y 7, E(K)
14  (-A(c)™ 13, E(k)
15 (=A(c)™? 13, E(k)
16  (-A(c)™? 15, E(k)

17 (=A(c)™ 15, E(k)

i-1  (=A(c)Y i-2, E(k)
i (=AQ) i-1, EQ)

*

The tableau closes in the first branch by the formulae —=A(c), —(—=A(c)), (-A(c))"
(=AC)™, (-A(C)™® ..., (=A(c))" that occur on the nodes 9, 10, 11, 14, 16, ..., i; and
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in the second branch by the formulae A(c) and ~,A(c) that occur on the nodes i+2 and

i+3.

3.2) |+TNDCn* E'XA(X)DﬁVXﬁA(X)

© N oo o b~ w N

L o =
A W N B O

15

i+

i+j+1

~n(FXAX) D=V X=A(X))
IXA(X)
~n(—VX=A(X))
A(c)
——VX=A(X)
(Vx=AR))®
VX—=A(X)
—A(C)
(Vx=A(X))"
(VX=AR))™
(VX=AX)™
(VX=AR))™?
(VX=AX)"™?
(VX=AR))™

(Vx—AX))®

(VX=AX))*
—((YX=AX)&—(VX—AX)) ™)
—((YX=AX) 2 &—(VX—AX)) )
—((V)-AX)"*&—(VX-A(X)) %)

—((VX—=AX)) &—(VX—-A(X)))
(Vx=A(x))"

1, DNI~,
1, DNI~,
2,E-3

3, B~y
3, B~y
5,E -
7,EV

6, E(K)
6, E(K)
11, E(K)
11, E(K)
13, E(K)
13, E(K)

i-2, E(K)
i-1, E(K)
10, Rk
12, Rk
14, Rk

i-1, Rk
i+1, Ik
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i+j+2
i+j+3

i+j+4

i+j+s
i+j+s+1
i+j+s+2

i+j+s+3

i+j+s+p

i+j+s+p+1
i+j+s+p+2
i+j+s+p+2

i+j+s+p+u

i+j+s+p+u+l
i+j+s+p+u+2

i+j+s+p+u+3

i+j+s+p+u+d

i+j+s+p+u+z

i+j+s+p+u+z

The tableau is comple

b) Frnocs* ((ADB)>A)S

(Vx=AX)"™
(VX=AX)"?
(VX=AX))"

(VX=AX))*

—((YX=AX)&A(VX—AX)) ™)
—((YX=AX)2&—(VX—AX)) )
—((V)=AX) 2 &—(YX-AX)) ")

—((VX=AX))&—(VX=A(X)))
(VX=A)Y
(VX=AX)®
(VX=AX)®
(Yx=AX))™

(Vx-AX)) "
(Vx—AX)"™

(VX=A()) ™
(Vx—AX)"™

(Vx=AR)
+1 (YX=AX))*

te but is not closed.

A

1 ~155(((ADB)D>A)DA)
2 ((AfB)DA) 1, DNIl~55

i+2, Ik
i+3, Ik
i+4, Ik

i+, Ik

i+j+1, Rk
i+j+2, Rk
i+j+3, Rk

i+j+s, Rk
i, 1I(k)
i-2, i, 1(k)
i-4, i, 1(k)
12,14, 16, ..., i, 1(k)

i+j+s+p+u, E(K)
i+j+s+ptu+l, E(K)

i+j+s+p+u+2, E(K)
i+j+s+p+u+3, E(K)

i+j+s+ptu+z-1,E(K)

i+j+s+ptu+z, E(K)
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3 ~155A 1, DNIl~55
4 ~i(ASBY 2,DNlgs > 5 A 2,DNimggs
6 %\ 4, DNI~155 *
7 ~f55B 4, DNI~155

*

The tableau is closed by the formulas ~;55A and A, that occur in the nodes 3 and 6 of
the first branch, and in the nodes 3 and 5 of the second branch.

3 The Cut Rule for the systems TNDC,*

In this section we prove a special version of Cut Rule for the systems TNDC,*,
1<i<w.

Lemma 3.1 If ', Ais closed, then T, A, B is closed.

Proof. Immediate, from Definition 2.7. O

Theorem 3.2 (Cut Rule) For every system TNDC,*, /<i<w, there exists a closed
tableau for a set I" of formulae if, and only if, for a given formula S there exist closed
tableaux either for "U{S} and 'U{~,S}, or for TU{S} and "'u{—S, S, % ..., S"}.

Proof. If there exists a closed tableau for I', by Lemma 3.1, it is immediate that there
are closed tableaux for T', Sand I, ~,S, and for I, Sand T, —S, St, S?, ..., S".

Now, suppose that either there exist closed tableaux for I, S and I, ~,S, or there
exist closed tableaux for I', S and I', —S, S, S% ..., S". The proof that there exists a
closed tableau for I" is done by induction on the complexity of the formula S, as we have
similarly presented in D’Ottaviano and Castro (2005), Section 4, pp 85-91.

1 Let S be an atomic formula A.

Suppose that there are closed tableaux for I, A and I, ~,A. In the cases when either
Ael or ~,Aerl, it is immediate that I is closed. Hence, we have only to analyze the
case when AgI’ and ~,Agl. If either I', A or T, ~,A is closed only on account of
formulae of T', then I' is closed and we have nothing to prove; the same reasoning is
applicable to the case when we have that T, A and T, —A, A, A?, ..., A" are closed.
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1.1 Suppose that there are closed tableaux for I', A and for I, ~,A Observe that from
A atomic we can not generate any formula, and from ~,A we also can not generate any
formula.

If I, A is closed then, by Definition 2.7, there is a tableau T such that its branches are
closed either by ~A, or by —A, AY, A%, ..., A". AsT, ~A is also closed, then there is a
closed tableau T’ such that its branches are closed by A, or by ~,~,A, or by —~,A and
(~A)L, (~nA) ..., (~wA)"; that is, by Rules E~y~, and E—~y, the formula A appears in all
the branches of T.

Therefore, in the tableaux T and T’ the formulae ~,A, —A, Al, A%, A" (in T), and A
(in T7), respectively, are directly generated, by the Expansion Rules from I', because,
neither ~,A, —A, A%, A%, A" could be generated from A, nor A could be generated from
~dA.

Hence, there is a closed tableau for I" and so, by Definition 2.7, T" is closed.
1.2 Suppose that there are closed tableaux for T, A and for I, —=A, A, A% ..., A".

Observe that it is not possible to generate any formula from A and from —A, A%, A%, ...,
A" it is only possible to generate ~A and A®, k<n (by Rules I~ and 1(k)).

If T, Ais closed then, by Definition 2.7, there is a tableau T such that its branches
are closed either by ~,A, or by —A and A, A, ..., A".

AsT, —A, AL, A% ..., A"is also closed, then there is a closed tableau T’ such that its
branches are closed by A; or by ~—A; or by ——A, (=A),, (A ..., (=A)" or by
~a(AY), for every i, 1<i<n; or by —(AY), (A}, (A)? ..., (A", for every i, 1<i<n. So, by
Rules E~,—, E——, Ek~,, E& and Ek—, the formula A appears in all the branches of T".

Therefore, in the tableaux T and T’ the formulae ~,A or —A, AY, A% ..., A" (in T)
and A (in T7), respectively, are directly generated, by the Expansion Rules, from I

Hence, there exists a closed tableau for I" and so, by Definition 2.7, T is closed.

2 Suppose that the result holds for formulae S of complexity p, p>0.

3 Let S be a formula of complexity p+1.

The cases where S is of type —B, with B of complexity p; S is of type B, k>1; S is of

type B®, with k >1; S is of type ~B, with k>1: S is of type (B&C); S is of type (BvC)
and S is of type (BoC) can be proved exactly as in D"Ottaviano and Castro (2005).

3.1 Let S be of type VxB, with B of complexity p.
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3.1.1LetT, ¥vxB and I', ~,vxB be closed, considering that ¥xB and ~,VxB are not
formulae of T

Af I, ~,VXB is closed, then, by Rule ~,V, I, ~,B(c) is closed, with ¢ not occurring in
the considered branch (with ¢ not occurring in the considered branch of the tableaux; or
¢ has not been previously introduced by Rule of Type F, and does not occur in 3xB, and
no constant of IxB has been previously introduced by Rule of Type F).

As T, VxB is also closed then, by Rule E-V, ', B(c) is closed.
So, as T, B(c) and I, ~, B(c) are closed, hence by induction hypothesis, I is closed.

3.1.2 Let I, ¥xB and T, —VxB, (VxB)!, (VxB)? .., (VxB)" be closed, also
considering that VxB, —vxB e (VvxB)', for every i, 1<i<n, are not formulae of I". We
observe that, from ((VxB)', for 1<i<k, by Rulr Rk, k>1, it is only possible to generate the
formula —((VxB)&—((¥xB)™)).

If [, =VxB, (VxB)!, (¥xB)? ..., (¥XxB)" is closed then, by Rule —V, there exist
closed tableaux for T, ~o(VX(B)™), (¥xB)?, (VxB), ..., (¥xB)"and for I', 3x—B, (¥xB)?,
(VYxB)?, ..., (VxB)". Therefore,

(i) T, ~o(VX(B)™), (vXxB)}, (VXB), ..., (¥xB)" is closed, that is, T, (vXxB)?, (VxB)?,
oy (YXB)" ~o(¥X(B)™) is closed.

As T, VxB is also closed, by Lemma 3.1, we have that T, VxB, (¥xB)!, (VxB)? ...,
(vxB)", vx(B)™ is closed.

Hence, by induction hypothesis, we have that T', ¥xB, (¥XB)', (¥xB)? ..., (VxB)" is
closed.

(i) If T, 3x=B, (¥xB)}, (¥xB)? ..., (¥xB)" is closed, then, by Rule E-3, T, —B(c),
(VYxB)}, (¥xB)?, ..., (VxB)" is closed, with ¢ not occurring in the considered branch of
the tableaux; or ¢ has not been previously introduced by Rule of Type F, and does not
occur in 3x—B, and no constant of 3x—B has been previously introduced by Rule of
Type F. That is, T, (VxB)", (¥xB)? ..., (¥xB)", —B(c) is closed.

(iii) As, by (i), T, VX(B), (VXB)%, (¥XB)A ..., (vxB)" is closed then, by Rule E-V, T,
B(c), (VxB)}, (VxB)? ..., (vxB)" is also closed, that is, T, (VxB)}, (¥xB)? ..., (VXB)",
B(c) is closed. So, by (ii), by induction hypothesis, T, (¥xB)', (¥xB)? ..., (VxB)" is
closed.

If there is a branch that is closed on account of " and anyone of the formulae (VxB)*,
(YXB)?, ..., (¥xB)", then it is closed either by ~,((VXB)"); or by —((vxB)"), ((¥XxB))",
((¥xB)?,..., ((¥xB)) ", for every, 1 <i < n. Then, by applying Rules Ek~,, E& and
Ek—, in these previous mentioned formulae, the formula ¥xB appears in this branch. As
WxB can not be generated from —vxB, ~,(vx(B)™) or 3x—B, by the Expansion Rules, T
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generates VxB. Therefore, as I', VB is closed and I" generates VxB, we have that I is
closed.

3.2 Let S be of type IxB, with B of complexity p.

3.2.1. Let I, 3xB and I', ~,dxB be closed, considering that 3xB and ~,3xB are not
formulae of T

If ', 3xB is closed, then, by Rule E-3, T', B(c) is closed (with ¢ not occurring in the
considered branch of the tableaux; or ¢ has not been previously introduced by Rule of
Type F, and does not occur in 3xB, and no constant of 3xB has been previously
introduced by Rule of Type F).

If I, ~,3xB is closed, then. by Rule ~.3, I, ~,B(c) is closed.
Hence, as T, B(c) and I, ~,B(c) are closed, then by induction hypothesis, I is closed.

3.2.2 Let T, 3xB and I, —3xB, (3xB)", (3xB)?, ... , (3xB)" be closed, considering
also that I3xB, —3xB and (IxB)' , for any i, 1<i<n, are not formulae of I". We observe
that, from (3xB)’, for 1<i<k, by Rule Rk, k>1, it is only possible to generate the formula
—((3xB)'&—((3xB)™)).

If I, 3xB is closed, then, by Rule E-3, T', B(c) is closed, with proviso.

If I, —3xB, (3xB)}, (3xB)?, ..., (3xB)" is closed then, by Rule —3, there exist closed
tableaux for T, ~,(vx(B)™), (3xB)*, (3xB)?, ..., (3xB)" and for I', ¥X—B, (3xB)*, (3xB)?,
..., (3xB)". Therefore,

(i) T, ~a(¥x(B)™), (3xB)*, (3xB)?, ..., (3xB)" is closed, by Lemma 3.1, we have that,
T, 3xB, (3xB)', 3xB)?, ..., (3XB)" ~n(VX(B)™) is closed.

As T, 3xB is also closed, again by Lemma 3.1, we have that T, 3xB, (3xB)*, (3xB)?,
..., (3xB)", vx(B)™ is closed.

Hence, by induction hypothesis, we have that I, 3xB, (3xB)*, (3xB)?, ..., (3xB)" is
closed. So, by applying Rule E-3, T, B(c), (3xB)*, (3xB)?, ..., (3xB)" is closed (with
proviso). That is, T, (3xB)*, (3xB)?, ..., (3xB)", B(c) is closed.

(i) If T, Yx=B, (3xB)}, (3xB)?, ..., (3xB)" is closed, then, by Rule E-V, I', —=B(c),
(3xB)%, (IxB)?, ..., (3xB)" is closed, with proviso. That is, T, (3xB)*, (3xB)?, ..., (3xB)",
—B(c) is closed and so, by Lemma 3.1, T, (3xB)}, (3xB)?, ..., (3xB)", —B(c), (B(c))",
(B(c))? ..., (B(c))" is closed.
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(iii) As, by (i) and (ii), T, (3xB)*, (3xB)?, ..., (3xB)", B(c) and I, (3xB)*, (3xB)?, ...,
(3xB)", =B(c), (B(c)), (B(c))?, ..., (B(c))" are closed then, by induction hypothesis, T,
(3xB)*, (3xB)?, ..., (3xB)" is closed.

If there is a branch that is closed on account of I" and anyone of the formulae (3xB)?,
(3xB)’, ..., (3xB)", then it is closed by ~,((3xB)); or by —((@xB)), ((3xB))",
((3xB)Y,..., (3xB)) ", for every, 1 < i < n. Then, by Rules Ek~,, E& and Ek—, the
formula 3xB appears in this branch. As 3xB can not be generated from —3xB or
~n(3X(B)™) or ¥x—B, by the Expansion Rules, I" generates 3xB. Therefore, as I, IxB is
closed and I" generates 3xB, we have that I" is closed.

Hence, by Cases 1-3, we have proved that if either I', S and I, ~,S are closed, or I, S
and T, S, =S, S%, S? ..., S"are closed, then I is closed. O

4 The logical equivalence between the systems of the hierarchy TNDC,* and
the corresponding da Costa’s systems C,*, 1<h<a

Now, based on the Cut Rule for TNDC,*, I<i<w, we can prove the equivalence
between the systems TNDC,* and the corresponding da Costa’s paraconsistent systems
C,*, 1 sh<w.

Theorem 4.1 1f T I—cn*S, then o, * S, for every n, I<n<o.
Proof. Suppose that T" Fc,*S.

If SeI then, for every n, 1<n<w, it is immediate that ' FTnpC,* S. So, let us suppose
thatSisnotinT.

1 Let S be an axiom schema of C,*, /<<
Let us prove that T’ FTnpe, * S, that is, we have to prove that T, ~,S is closed in
TNDC,*, I sn<w.

Here, we present the proofs for the Axiom schemata 15 to 19 and for the Deduction
Rules. The cases of Axioms 1 to 14 were proved by D"Ottaviano and Castro (2005).
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1.1 Let S be Axiom 15, that is, S is VXADA(t), where t and the formulae A(x) satisfy
the usual restrictions®. We shall generate a closed tableau, whose initial node, T, ~S,
constitutes the step 1 below.

1 T, ~(VXADA())

2 T, VXA 1, DNI~,
3 T, ~(A(1) 1, DNI~,
4 I, A 2,EV

*

In this case, the tableau closes by the formulae ~,(A(t)) and A(t), occurring in the
nodes 3 and 4, respectively.

1.2 Let S be Axiom 16, that is, S is A(t) >(IxA), where t is a term which is free for x
in A(x). We shall generate a closed tableau, whose initial node, I", ~,S, constitutes the
step 1 below.

1 T, ~n(A(t) S(3XA))
2 T, A(Y) 1, DNI~,
3 T, ~n(3XA) 1, DNI~,
4 T, ~(AQD) 3, ~3

*

1.3 LetS be Axiom 17, that is, S is Vx(A) o (vxA)™.

1 T, ~n(VX(A) P> (vxA)™)
2 T, vx(A)™ 1, DNI~,
3 T, ~((VXA)™) 1, DNI~,
4 T, (VXA) 3, E(K)~n
5 A1“/,ﬁ(vXA) - 3, E(K)~q
6 T,~(YX(A)™) 5V 7 T, 3x—A 5, v
* 8 T, —A(c) 7,E-3
9 T, A(c) 4,E-v

8 See Kleene (1952), p. 81.
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10 T, (A(c)™ 2, E-v

11 T, (A(C))" 10, E(k)
12 T, (A)™ 10, E(K)
13 T, (ACc)™ 12, E(k)
14 T, (A() ™ 12, E(K)
15 T, (AC))™? 14, E(k)
i-1 T, (AC)®  i-2, E(k)
i T, (A(C))* i-1, E(1)

1.4 LetS be Axiom 18, that is, S is Vx(A) V> (3xA)™.

1 T, ~n(VX(A) W>@ExA)™)

2 T, vx(A)™ 1, DNI~,

3 T, ~((@xA)") 1, DNI~,

4 I, (AxA) 3, E(K)~n

5 I', —=(3xA) 3, E(K)~q

6 T, ~(YX(A)" 5,3 7 T, VX—A 5,3

* 8 T, A(c) 4, E-3
9 I, -A(c) 7,E-v
10 T, (A(c)™ 2, E-v
11 T, (A(C))" 10, E(K)
12 T, (A)™ 10, E(K)
13 T, (ACc)™ 12, E(k)
14 T, (A()™ 12, E(K)

15 T, (AC))™? 14, E(k)

i-1 T, (AC)®  i-2, E(k)
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i T, (A(C))* i-1, E(1)

*

1.5 Let S be Axiom 19, that is, S is A=B, where A and B are congruent formulae.

Immediate, from Rules E-V, ~,V, E-3, ~,3 and Special Rules H.

2 Now, let us consider that the formula S is a consequence of preceding formulae in a
proof in C,*, 1 <n<w, by Modus Ponens; that is, we have that I" ¢ « S is a consequence
of ' +c«Aand I' ¢ «» ADSS. Then, as we have that I' —rype » A and T F1noe * ADS,
the sets"Fu{~nA} and I'u{~,(A>S)} are closed in TNDC,,":’ and so, by RuIe”DNI~n,
r'u{~,A} and 'U{A, ~,S} are closed. Hence, I, ~,S, A and I, ~;S, ~,A are closed and,
so, by the Cut Rule, T', ~,S is closed. Therefore, I" generates S in TNDC,*, I <n<w, that
is, T |_TNDCn* S.

3 Let us consider that the formula S is a consequence of preceding formula in a proof
in C,*, 1 <n<w, by an application of Rule Il; that is, we have that T -¢ « COVXA(X) is a
consequence of T' ¢ « CoA(X), where ¢ is a formula which does not contain x free.
Let us suppose that ' e+ CoOVXA(X), then, as we have that I' —yype « CoA(X), the
set TU{~n(CoA(X))} is closed and Tu{~n(CoVXA(X))} is not closed in TNDC,*; and
so, by Rule DNI~,, 'U{C, ~,A(X)} is closed and T'W{C, ~,(¥XA(x))} is not closed and
so, by Rule ~,V, 'U{C, ~,A(c)} is not closed, where ¢ is a constant that does not occur
in the branch; or ¢ has not been previously introduced by Rule of Type F, and does not
occur in VxA(x), and no constant of ¥xA has been previously introduced by Rule of
Type F. From TU{C, ~,A(x)} is closed, we obtain TU{C, ~,A(c)}* is closed. Hence,
we obtain that 'U{C, ~,A(c)} is closed and T"U{C, ~,A(c)} is not closed.

4 Let us consider that the formula S is a consequence of preceding formula in a proof
in C,*, 1<n<w, by an application of Rule IlI; that is, we have that T" -¢ « IXA(X)>C is a
consequence of I' ¢ « A(X)>C, where C is a formula which does not contain x free. Let
us suppose that I" T"NDC « AXA(X) ©C; then, as we have that I' Frypc » A(X)>C, the set
TU{~(A(X)oC)} is closed and TU{~,(3XA(X)o>C)} is not closed in TNDC,*; and so, by
Rules DNI~, and E-3, TU{A(X), ~,C} is closed and I"U{A(c), ~,C} is not closed.
Hence, there exists at least one constant ¢ (in the domain), such that TW{A(X), ~.C} is
not closed, but it is an absurd. 0

9 We observe that x, in CoA(X), denotes necessarily any constant in the domain.
10 Where ¢ is a constant that does not occur in the branch.
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Remark 4.2 The Deduction Theorem is provable in the TNDC,*, I<n<w, with the
necessary restrictions, as in TNDC,, /<i<w.™ 0

Theorem 4.3 If T l_TNDCn* S, then T’ '_Cn* S.

Proof. Suppose that I FTnpC,* S. If Sel’, then T e x S is immediate. So, let us suppose
thatSisnotinT.

In order to prove the theorem, let us consider S as a formula generated from I" by the
expansion rules of TNDC,*, /i<

We shall transform every Expansion Rule of TNDC,*, I<i<w, into a correspondent
valid proof in C,*, I <in<w. That is, the rules of type C, D, S, S, S3, E, F, G and H will
be transformed mto the proofs of o ¢ (6’)&(8.+1’) B e, (8’)v(8.+1’) Y e x 6.,
Olgy.eny Olp l—c * 8., € '_C * 8,, o '_C * Oj (t) OL Fc *SJ(C) B l—C * (8 )V(8|+1J) and Y '_C *8
respectlvely

We shall only present the complete proofs relative to the Expansion Rules involving
the quantifiers. The other cases of Expansion Rules were proved by D’Ottaviano and
Castro (2005).

1. Let S be of type A(t), generated, in TNDC,*, I<i<w, from VXA(X), by Rule E-V,
where t is any term free for any variable occurring in the formula VxA(x). We have to
prove that VxA =, * A(t).

From Axiom 15 and the Deduction Theorem, the proof is immediate.

2. Let S be of type A(c), generated, in TNDC,*, Isi<w, from IxA(X), by Rule E-3,
with ¢ not occurring in the considered branch of the tableaux; or ¢ has not been
previously introduced by Rule of Type F, and does not occur in 3xXA(x), and no constant
of IXA has been previously introduced by Rule of Type F. We have to prove that
IXA(X) Fc * A(c).

1. A(c) Fc * A(c) property of e, *

2. ¢ * A(c) o A(c) 1, Deduction Theorem
3. e IXA(X) > A(C) 2, Rule Il

4. IXA(X) e * IXA(X) property of e *

" D’Ottaviano and Castro (2005) prove the Deduction Theorem for the TDNC,, /<<
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5. IXA(X) ¢ *A(C) 3,4, MP

3. Let S be of type ~,A(t), generated, in TNDC,*, Isi<w, from ~,3xA(X), by Rule
~n3, where t is any term free for any variable occurring in the formula IxA(x).We have
to prove that ~,3xA(X) Fc * ~nA(t).

1 ~3XAKX), AX) + c,* ~nIXA(X) property of e *

2 ~3AXANX), AKX) - c,* A(X) property of e *

3 Fcx A(X)DIXA(X) Axiom 16

4 ~3IxXAX), A(X) - c,* IXA(X) 2,3, MP

5  ~3IXAX), AX) - c,* IAXAX)D(~nIXAX)D(IXA(X)&~,IXA(X))) Axiom 5
6  ~IXAX), AX) - c,* ~nIXAX)D(AXA(X)&~,IXA(X)) 4,5, MP

7 ~3IXAX), AX) - c,* AXA(X) &~ IXA(X) 1,6, MP

8 Fcx IXAX) &~ IXA(X)D~rA(X) Theorem 1.12 (ii)

9 ~IXAX), AX) c,* ~nA(X) 7,8, MP

10 ~nIXAKX) ¢ * AX)D~nA(X) 9, Deduction Theorem
11 Fcx (AX)~nAX))2(~nAX)v~nA(X)) Theorem 1.12 (i)

12 ~3xAX) ¢ * ~nAX)V~nA(X) 10, 11, MP

13 o> ~eAX) vV~ AX)D~pnA(X) Theorem 1.12 (v)

14 ~3xAX) ¢ * ~nA(X) 12,13, MP

15 ¢ * ~nIXAX)>~A(X) 14, Deduction Theorem
16 o * ~nIXAX)D VX~ A(X) 15, Rule 11

17 ~n3XA(X) ¢ * ~pIXA(X) property of -c *

18 ~3IXA(X) c,* VX~nA(X) 16, 17, MP

19 e > VX~ AX) D~ A(t) Axiom 15

20 ~n3XAX) Fc *~A(l) 18, 19, MP

4. Let S be of type ~,A(c), generated, in TNDC,*, I<si<w, from ~,VXA(x), by Rule
~nV, with ¢ not occurring in the considered branch of the tableaux; or ¢ has not been
previously introduced by Rule of Type F, and does not occur in YxA(x), and no constant
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of WYXA(x) has been previously introduced by Rule of Type F. We have to prove that
~nVXA(X) - c,* ~nA(C).

1.~ 3IX ~A(X), ~WAX) + c,* ~nIX~pA(X) property of e *

2. ~IX~AX), ~hAKX) c,* ~nA(X) property of e *

3. ¢ * ~nAX)DIX~A(X) Axiom 16

4. ~3AX~AX), ~WAX) + c,* IX~A(X) 2,3, MP

5. ~pIX~A(X), ~nA(X) - c,* X~ AX) D (~nIX~pA(X) D(IX~A(X) &~ IX~rA(X)))
Axiom 5

6. ~nIX~nA(X), ~nAXX) + c,* ~nIX~pAX)D(IX~A(X) E~nIX~A(X)) 4,5, MP

7. ~nIX~AX), ~AX) - c,* IX~AX) &~ IX~AKX) 1, 6, MP

8. ¢ * IX~AX) E~n IX~nA(X) D~p~nA(X) Theorem 1.12 (ii)

9. ~pIX~AX), ~AX) - c,* ~n~nA(X) 7,8, MP

10. ~n3X~nA(X) ¢ * ~nAX)D~n~nA(X) 9, Deduction Theorem

11 ¢ * (~nAX)~n~nA X)) D (~nr~nAX)V~1~rA(X)) Theorem 1.12 (i)

12, ~3X~AX) o ~rnAX)V~rnAX) 10, 11, MP

13. e * ~~ AV~ ~nA(X) D~n~nA(X) Theorem 1.12 (ix)

14, ~3X~nAX) ¢ % ~n~nA(X) 12,13, MP

15. = ¢ * ~n~nAX)DA(X) Theorem 1.12 (iii)

16. ~pAX~AX) ¢ * AX) 14, 15, MP

17. = ¢ * ~nIX~nA(X)DA(X) 16, Deduction Theorem

18. ¢ x ~n X~ AX)DVXA(X) 17, Rule 11

19. ¢ x (~nIX~pAX) DV XA(X)) D (~n VXA (X) D~p~nIX~A(X)) Theorem 1.12 (iv)

20. c,* ~n VXAX) D~p~nIX~nA(X) 18,19, MP

21. + c,* ~renIX~AX) DX~ A(X) Theorem 1.12 (iii)

22. 1= ¢ * ~n VXA (X)2IX~,A(X) 20, 21, transitivity

23. ~VXA(X) - c,* ~nVXA(X) property of e *

24, ~VXA(X) - c,* Ix~nA(X) 22,23, MP
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25. ~yA(C) + c* ~nA(C) property of e, *

26. ¢ x ~nA(C)>~,A(C) 25, Deduction Theorem
27. 1= ¢ * IX~AX)>~A(C) 26, Rule 111*?

28. ~pVXA(X) I ¢ * ~nA(C) 24,27, MP

5. Let S be of type ~o(VX(AX))™)v(Ix=(A(X))), generated, in TNDC,*, /<i<w, from
—VXA(X), by Rule —V. We have to prove that —VXA(X) ¢ *~(VX(A(X)) ")v(Ex—A(X)).

1 o x 2YXAMD(~(VXAM)P)V(EX(A(X)  Theorem 1.12 (viii)
2 VXAKX) - c,* —VXA(X) property of e, *
3 —WXAX) Fc * ~(VX(AX)) P)v(EX-AX)) 1,2, MP

6. Let S be of type ~n(VX(A(X)) M)v(¥Xx—A(X)), generated, in TNDC,*, I<si<w, from
—3XA(X), by Rule —3. We have to prove that —3XA(X)-c *~a(VX(A(X)) ")v(YX—=A(X)).

1 e x —3XAM))D (VXA V)V (VX-(A(X)  Theorem 1.12 (ix)
2 —3IxAKX) + c,* —3AxA(X) property of e, *
3 —IXAWX) k¢, * ~n(VX(AX) )V (VX=A(X) 1,2, MP O

Hence, by Theorem 4.1 and Theorem 4.3, we have the equivalence between the
correspondent systems of both hierarchies C,* and TNDC,*, 1<n<o.

Theorem 4.4T I—cn*S if, and only if, T’ FTnpC,* S, for every n, I<n<o. O

Theorem 4.5 The systems TNDC,*, I <n<w, constitute a hierarchy of tableaux systems,
such that every system TNDC,* is equivalent to da Costa’s corresponding paraconsistent
system C,*, I <n<w.

Proof. It is an immediate consequence of Theorems 4.4. 0

As every system TNDC,*, I<n<w, is equivalent to the corresponding C,*, I<n<w,
the syntactical and semantic results concerning the TNDC,* are immediate.

12 Note that c is a closed term and so, it is not free in C.
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So, the soundness and completeness of our tableaux systems can be proved.

Besides, the decidability of the monadic first-order predicate systems TNDC,*,
I<n<w, could also be proved, from the characteristics of the Expansion Rules of the
systems: for every formula S we have to check, in a finite number of steps, either if ~,S
is closed, or if ~,S is not closed; for every tableau for ~,S, in the case when ~,S is not
closed, we have to generate at least a finite, open and complete branch. We intend to
develop this proof in a future paper.

Finally, after having carefully studied da Costa’s calculi C,, and C,*, we conjecture
that it is not possible to present tableaux systems for such systems.

References

ALVES E. H., Légica e inconsisténcia: um estudo dos cdlculos C, [<n<w (Logic and
inconsistency: a study of the calculi C,, 1<n<w, in Portuguese), Master Thesis, FFLCH-USP,
Sao Paulo, 1976.

BETH H. W., The foundations of mathematics, North Holland, Amsterdan, 1959.

BUCHSBAUM A., PEQUENO T., A reasoning method for a paraconsistent logic, Studia Logica,
vol. 52, 1993, p. 281-289.

CARNIELLI W. A., LIMA-MARQUES M., Reasoning under inconsistent knowledge, Journal of
Applied Non-Classical Logics, vol. 2, no. 1, 1992, p. 49-79.

CARNIELLI, W. A., MARCOS, J. A. taxonomy of C-systems. In: CARNIELLI, W. A,

CONIGLIO, M. E., D’OTTAVIANO, I. M. L. (Eds). Paraconsistency: the logical way to the

inconsistent. New York: Marcel Dekker, 2002. p. 01-94. (Lectures Notes in Pure and Applied

Mathematics, v.228)

CARNIELLI, W. A., CONIGLIO, M. E., MARCOS, J. Logics of formal inconsistency. In:
GABBAY D. V., GUENTHNER F., Org., Handbook of Philosophical Logic, 2 ed., Dordrecht,
Springer, 2007, v. 14, p. 1-93.

CASTRO, M.A. Analytical tableaux for da Costa's hierarchy of paraconsistent logics C,, /<n<aw.

In: 11 World Congress on Paraconsistency, 2000. Juquehy: Proceedings.
CASTRO M. A. de, Hierarquias de sistemas de dedugdo natural e de sistemas de tableaux

analiticos para os sistemas C, de da Costa (Hierarchies of natural deduction systems and of



32 Journal XXXXX. Volume X - n® X/2009

analitycal tableaux systems for da Costa’s systems C,, in Portuguese), Doctoral Thesis, IFCH-
UNICAMP, Campinas, 2004.

DA COSTA N. C. A., Sistemas formais inconsistentes (Inconsistent formal systems, in
Portuguese), Thesis, Universidade Federal do Parand, Curitiba, 1963a.

DA COSTA N. C. A, Calculs propositionnels pour les systémes formels inconsistants, Comptes
Rendus de l’"Académie de Sciences de Paris, t. 257, 1963b, p. 3790-3793.

DA COSTA N. C. A, Calculs des prédicats pour les systemes formels inconsistants, Comptes
Rendus de I’ Académie de Sciences de Paris, t. 258, 19644, p. 27-29.

DA COSTA N. C. A, Calculs des prédicats avec égalité pour les systémes formels inconsistants.
Comptes Rendus de |’ Académie de Sciences de Paris, t. 258, 1964b, p. 1111-1113.

DA COSTA N. C. A, Calculs de descriptions pour les systéemes formels inconsistants. Comptes
Rendus de |’"Académie de Sciences de Paris, t. 258, 1964c, p.1366-1368.

DA COSTA N. C. A,, On the theory of inconsistent formal systems, Notre Dame Journal of
Formal Logic, vol. 15, 1974, p. 497-510.

DA COSTA N. C. A, KRAUSE D. , BUENO O., Paraconsistent logics and paraconsistency, In:
JACQUETTE D., GABBAY D. M., THAGARD P., WOODS J., Org., Philosophy of Logic, 5.
1 ed. : Elsevier, 2006, v. 5, p. 791-911.

D’OTTAVIANO I. M. L., On the development of paraconsistent logic and da Costa’s work, The
Journal of Non-Classical Logic, vol. 7, no. 1/2, 1990, p. 89-152.

D'OTTAVIANO, I. M. L., CASTRO, M. A. de. Analytical tableaux for da Costa's hierarchy of
paraconsistent logics Cy, Journal of Applied Non-Classical Logics, Paris, vol. 15, n. 1, 2005, p.
69-103.

D’OTTAVIANO I. M. L., DA COSTA, N. C. A. Sur un probleme de Jaskowski. Comptes Rendus
de l'Académie de Sciences de Paris, n.21,v. 270 A, 1970, p.1349-1353.

D'OTTAVIANO, I. M. L., EPSTEIN, R. L. A many-valued paraconsistent logic, Reports on
Mathematical Logic, vol. 22, 1988, p. 89-103.

EPSTEIN, R.L.The Semantic Foundations of Logic. Vol 1. Propositional Logics. Nijhoff
International Philosophy Series, 35. Kruwer Academic Publishers Group, Dordrecht, 1990.
EPSTEIN, R.L.The Semantic Foundations of Logic. Vol 1. Propositional Logics. Second Edition.

The Claredon Press, Oxford University Press, New York, 1995.
KLEENE S. C., Introduction to metamathematics, Van Nostrand, New York, 1952.



Analytical tableaux for da Costa’s paraconsistent predicate calculi C,* 33

MARCONI D., A decision method for the calculus C;,, ARRUDA A.l.,, COSTA N.C.A. da,
SETTE A. M., Eds., Proceedings of 3" Brazilian Conference on Mathematical Logic, S&0
Paulo, Sociedade Brasileira de Ldgica, 1980, p. 211-223.

SMULLYAN R. M., First-order logic, Springer Verlag, New York, 1968.

VAN FRAASSEN B. C., Formal semantics and logic, The Macmillan Company, New York,
1971.



	Centre for Logic, Epistemology and the History of Science 
	C.P. 6133, 13081-970 – Campinas, SP, Brazil
	Introduction
	References

